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Construction of triadic Cantor set C':

C={x2,a;37% a; € {0,2} for all i}
Cantor’s (onto) mapping:

o0 . o0 .
f:C—=1[0,1],) a;37"'— > ;27"
=1 =1
a;

where b; = 7

C has same cardinality as [0, 1].




Open and closed sets in subspaces
Y CR™:

open subset U of Y C R™: U contains a ball
Y N B(x;r) about each point z € U,

closed subset A of Y: Y\ AisopeninY
(U;)i>1 a basis for open sets: every U; is open,
& for any x € Y and open U > x there exists ¢

with z € U; CU

If Z CY and (U;);>1 a basis for open sets in
Y, (Uin Z);>1 a basis for open sets in Z.



Basis o for R":

d(z,y) +q<r = B(y,q) C B(x;r)

N ={0,1,2,...}
Invertible pairing function (-,-) :N x N — N;

vg N = Q,(2a+1,b) — S vy N = Q7 (a,b) — £

basis a1 N — Z9(X), (i, 5) = B (i); vg+())

Another example: closed-and-open (clopen)
subsets of Y

Y = C zero-dimensional — any z € Y & open
U > x have some clopen V with z € V C U.



Given basis «, represent open sets by infinite
sequences p = (pg,p1,...) over N:

0s9 : NN — 59(X),p— U{a(pi — 1) |i €N, p; > 1}
Sre(p) = X \ 6x0(p),  dac(p,q) = 652(p) = dne(q)
§:CNN X, pe sz} < {pi|pi>1}={a+1|aa)>a};

p a padded list of all basis elements > x.

CC N2 a formal inclusion if a C b implies a(a) C 3(b)
(4,7) C (k1) 1 = d(v(i),v(k)) + vg+(J) < vg+()

Then (for 8 = «)
(Vb)(Vx € X)(Ja) (x € B(b) = x € ala) Aadb) (1)

F :Cc NN 5 NN 5 s ¢ computable if there
exists an algorithm to read finite prefixes of p
and output q left-to-right.



Equivalent statements of zero-dimensionality
(for X separable metrizable):

(A) there exists a basis (V;){° of clopen sets;

(B) for any closed AC X and pe X \ A,
0 is a partition between p and A;

(C) for any disjoint closed A, B C X,
@ is a partition between A and B;

(D) for any open cover (U;)} of X, there exists
an open disjoint shrinking (V;)7.

P a partition between A and B if there exist
open U,V withACU,BCVandUUV = X\P



Effective zero-dimensionality for X:

(A)’

(B)’

(C)’

(D)’

there exist computable basis b : N — AY(X) and
computably enumerable formal inclusion ' of b
with respect to o with property (1);

M :C X x Z9(X) = AUX), (2,U) = {W |z e W C
U} (domM = {(z,U) |z € U}) is computable;

N :C N¥(X)2 = AYX),(AB) — {W|AC WA

B C X\W} (domN = {(A,B) | AnB = 0}) is
computable;

C* :C Z9(X)* = (X)), (Us)ick = {(Vi)iar | (Wi, 5) (G #
jg = VinV; =0),V; CU;,U;V; = X} (domC* =
{(Ui)i<r |k € N ANU;U; = X}) is computable.

Proof of (D)’ = (C)’: (U)i<a = (X\ A4,X\ B)
covers X and (W;);<2 € C*((U;);) implies W1 = X \ Wy D
A, X\W1 D B, so Wj € N(A, B), for any pairwise disjoint
A, B € N{(X). We have daox)-information on Wi.



Proof of (A)' — (D)’:
In fact C: Z9(X)N = (XN, (Up)i — {(W)i | (Vi,5) (G #
j = WinW, =0),W; C U;, U;W; = U;U;} is computable.

Proof follows Kuratowski (1966, §26.II, Thm 1). Given
(@, pM ) € (82,)"H(U;)i} and i € N, list:

O for each 5 s.t. py) = 0,
a—+ 1 for any a,j s.t. p§i) > 1A (al”’ pji) —1).
Properties of ' and a (namely, ima Z 0) imply output

is infinite; let W,;; := (0 if e=0; b(a) ife=a+4 1) for
7t output e. By properties of =/, U; = U;W, ;.

Compute dae-names for Wy, := ,j\( <ti.yWiya) from
information on . Then V; := U;W (C U) are disjoint
with U;U; = U;V; and a §¢.-name of (%),— is computable.



Proof of (B)' — (A)’:

Lemma 1. For computable metric spaces (X,d,v), (Z,d',v")

and strictly normed Cauchy representation 6, of Z, the

computable dense sequence z; .= V(i) (1 € N ) satisfies
Uienu(zi) = U.ezu(z)

for any (8z,0so(xy)-continuous u : Z — X9(X).

M°: X xN = AUX), (z,i) — {W |z e W C B(z;279)},
E: X xN — X%(X), (z,i) = B(x; 27%).
Briefly, M° = M o (w1,FE). With computable realiser

G :CNY — N of M° and inclusion ¢ : AY(X) — Z9(X),
apply Lemma 1:

NN _&, NN

NG

X xN = ANX)

u = (Lo a0 0 G)(-i.09) : domé — =Z9(X) (i € N),
Z :=dom§ with a standard enumeration (p(®), of
{w.wm_l w e A} as v/, where

(Wi, § < |w)d(v(w;), v(w;)) < 27 Mk
w.BNdomé #= 0}.

A:={weN"
={weN"




Ujenu® (p)) = Upedom su™(p) = X for every i € N.

b:N — AXAX), (i, ) s u@(pW):

note (Vx € X)(Vi)(3B € imb)(z € BAdiam B < (i+1)71),
hence b a basis.

We also define relation —/C N?2;
(i,5) C' (n,r) : = d(E(PD),v(n)) + 27" < vg+(r)

= @) E),v(n)) +27F 4277 < vg(r).

' is c.e. and a formal inclusion of b w.r.t. . Finally,
[’ satisfies the property (1).



Zero-dimensional subsets

Fix class Y C P(X) of zero-dim or empty sets
with cardinality |Y| < 2%0. Consider following:

(A" B": Y= (Z9(X)2)N x (N2)N is computable
(B)" M":C X xX{(X)xY=3x9(X)?is computable
(CO)" N":CN¥(X)?xY=3%X)?is computable
(D) Cv :C X))V x Y = Z9X)N is computable

domC« = {((U)sY) | Ui 2 Y}, domM” = {(z,U,Y) |z € U},
domN" = {(A,B,Y)|An B =0},
B"(Y) := {((Ui, V)i, (as, b:):) | (Ui basis for Tx, (Vi)Y C U;UV; and
{(ak,bk)\k € N} formal inclusion of (U;); w.r.t. a with (1)},
C((V)i, Y) i={(Wy)s | Vi)W, C V; AUW; DY and (W;); p.w. disjoint},
M"(z,U,Y) :={(V,W)|z e VCUAY CVUW},
N"(A,B,Y) :={(U,V) :ACUANBCVAY CUUV}

Then (C)' = (B)! = (A) = (D)".



Now consider Z.(X) :={K € K(X) |dimY < 0}.

Ideal covers u,v € N* formally disjoint if
(Vi < |u])(Vj < |v])d(v(miu;), v(mivs)) > vo+ (mau;) v+ (m2v;).

Denote U(u) 1= Uy o(us),
pc (5élisj—cover)_1{K} Iff {pi —1

{((w(o)% o (wlD))

p; > 1} coincides with

LeN,UiqUw®) D K, ,
(w®),., CN* p.w. formally disjoint | '

p padded list of all formally disjoint tuples of ideal covers
which together cover K.

Lemma 2. In any X, 5’C,i5j_coverz Scover|Zc0.

Theorem 3. Suppose X effectively locally compact in
the sense k : N x X = N x K~ (X) computable,

k(n,z) = {(a, K) ‘x € ala) Na(a) C K ANa C n},
domk = {(n,x) ‘x € a(n)}.

For Y ={Y € NY(X) dimY <0}, dy := dne]?,
M" :C X x9UX) x Y =39X)? is computable.



Proof: Let (z,U,Y) € domM", p € 655{U}, q € 670 {Y}.
Find a and a dcover-name for K € K(X) s.t. z € a(a) A
a(a) C KA (Ji)pi > 1AaCp —1. By properties of dnp,
a dcover-name of K NY is available.

Given a ¢’ -name of KNY, find w®, ... w1 in

disj-cover
that name s.t.

(Fiop) (:13 formally incl in w®) and w') formally incl in a(a)>

z €V :=U{w®™) Cala) CU. For Wy := Upsizi,U{w®),
Wi = X\ a(a), W:=WouW; we find V C a(a) C K
implies Y = (Y NK)U(Y\K) C (VUW)UW; = VUW
and VNW = 0. []

Systematic study of B”, M”, N” variants lacking.
Consider e.g. O(X) = (X9(X), dp(x)) Where
(P, q) € 65(xy{UY 1 <= O5:2(p) = U Adso(q) = X\ U,

M :C XxZ9(X)xY = O(X), (z,U,Y) = {V]|z € VCUAYNIV = 0},

dom N = {(z,U,Y) |z € U}.

Corollary 4. Denote ¢ : N — MN(X),a — a(a). Under
conditions of Theorem 3, if c|..x(x) computable then
M computable.



Embedding in Hilbert cube
Lemma 5. (Weihrauch [?, Thm 15]) In a computable

metric space X, U :C N{(X)? = C(X,[0,1]),
U(A,B) :={¢|¢ {0} = An¢ {1} = B}
domU = {(A,B) |AnB =0}

is ([6re, 6rel, [6 — p|!%Y])-computable, for Cauchy repre-
sentation 6 of X.

??[?, §22 Thm IV.1,§27 Thm IL.1] |
Z :=[0,1]N has metric p(&,n) 1=,y 27 & — mil.

Lemma 6. Take X C Z, disjoint A,B € NY(X) and ¢ :
X — [0,1] continuous s.t. p~1{0} = An¢~ {1} = B.
fi1X = Za— (¢(x),(x)(1 — ¢(x)) .20, d(2) (1 — ¢(2)).21, ... )

Then f~Y{a} = AN f~1{b} = B fora:=(0,0,...,), b:=
(1,0,0,...) and f|x\(caupy @an embedding onto f(X)\{a,b}.

Theorem 7. Let (Y,dy) = (ZC(X),(S’C,/.SJ._Cover). IfF X CZ
or X recursively compact then N" computable.



Proof:. If X not computable subspace of Z, take f' =
fohog where g :=idx : (X,d) — (X,d) for d'(z,y) .=
min{d(z,y),1}, h: (X,d) = Z,z — (d'(z,v(1)))ien.

g homeomorphism, h embedding as in Kuratowski. (X,d, v)
computable metric space, g,h computable, f e C(Z, 2)
computable in 5n?(z)-names of (hog)(A),(hog)(B). As X

IS dcover-cOmMputable, from 5,—|g-names of A, B C X we get
dcover-NAMeES, SO dcover-Names Of (hog)(A),(hog)(B).

So f e C(Z,Z) and f' € C(X,Z) computable in 6o x)-
names of A, B. If instead X C Z, take f'= f € (X, 2)
as in Lemma 6.

From [6x — dz]-name of f and &g cover-N@me of Y € Y,

obtain a dcover-name of f/(Y) (recall Lemma 2).
f'(Y)Yu{a,b} = f'(Y\ (AU B)) U{a,b} zero-dimensional
(a point cannot raise inductive dimension of a nonempty space),

. / .
With a dgisj_cover-N@me p available.



For ideal cover w € N*, formal diameter is

D{u) := 1T<a|§! d(v(miui), v(miu;)) + vo+(moui) + v+ (mou;).

FixQt > D < p(a,b) = 21 k st pp= 1_|_<<w(0)>’ o <w(n—1)>>
has each ideal cover w(®) of formal diameter < D.

Find 4,7 < n s.t. a,b formally included in w® w() re-
spectively. i, j unique (formal disjointness), with i #= j
(D < p(a,b)). Write [0,n) = FyUF; separating 1,7,
€.g. FO — [07 mln{/&a]}]v Fl — (mln{z,]},n)

For U, := UpepU(w™) note a € UgAb € U A f/(Y) C
UgUUy. For U := (f)"Ug, V := (f)~tU; then

ACUABCVAY C(f)'f(y)CcUuy,

with 0so(xy-names of U,V available. ]

Case X =B

Consider map f: X =Y. Anym: X xN =N s.t.
(Vz € X)(VE)(V) (I € m(z, k) = B(fz;27") C fB(z;27"))

is @ modulus of openness for f. For any U & Z?(X), any
choice of ky;,l, € N s.t. B(z;27%) CUAl, € m(z, k)
(z € U) gives f(U) = UzerB(fz;27").



[?]

Theorem 8. If X, Y computable metric spaces, f : X —
Y computable, m : X xN = N a computable modulus of
openness for f then f is computably open, i.e. ¥9(X) —
S9UY),U — f(U) well-defined & computable.

X =B, p,q) :=infli e N |p # ¢} € N, d(p,q) := 279D,
v:N — N*Qv¥ C B, {(w) — w.0¢, f =h, Y =hB C [0, 1]
as in proof of Theorem 7. We check Theorem 8 applies
with m :BxN — N, (p,n) — 14+ n-+4 (p"):

Lemma 9. Fora,b,ccZ, |27¢—27% < 27¢ iffa = bvmin{a,b} > c

If p(hp, hq) = ZZEN 2_’5—1‘2—5(13#(1)) _ Q—E(qﬂ/(i))‘ <27k k¢
N then £(p,v(i)) = £(q,v(2)) vV min{l(p,v(3)),{(q,v(i))} > k —i — 1
for all : € N. Equivalently,

/\ ((Hm)(pm =¢" = (w.0°)" A pm # (W.0°)m # qm)\/)
k—(w)—-1 _ k—(w)—1 _ wyk—(w)—1 )

wenoy \P q (w.0%)

Given p € B, n € N pick k > n+(p"). Any g € h=1B,(hp; 27F)

has (for w := p*) p" = ¢" = w: in 15t case m > |w]|, in

2"d case k— (w) —1>n. So h 1B,(hp;27%) C By(p;27").

h: X —Y homeomorphism, so h computably closed.
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